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Foreign Debt, Export Dynamics
and the Thirlwall’s Law

ALEJANDRO RODRIGUEZ-ARANA*

INTRODUCTION

Foreign debt in developing economies has been a hot topic for many years.
In the past there had been several episodes where high debt is associated
with a poor performance of growth in the affected economies. Usually
debt can be compared with a pair of scissors. The process of indebtedness
represents fresh resources. Afterwards, the payment of interest implies a
burden and the economy suffers. The dynamics of debt alters the dynamics
of output and growth. The question is in what way.

It is possible to analyze the relation between output, growth and debt
using different methodologies. In this paper we use the balance of payments
constrained growth hypothesis (BorcGH), an old approach originally
developed by Harrod (1933), Myrdal (1957), Kaldor (1970), Prebisch
(1959) and Seers (1962) and later refined by Thirlwall (1979), Thirlwall and
Hussain (1982), McCombie and Thitlwall (1997), Moreno Brid (1998, 2003),
McCombie (2011), among others.
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The reason to use the BOPCGH and not a neoclassical model is first that
BOPCGH establishes a direct link between the domestic output and the
foreign output, something that in small economies is empirically relevant.
Second, the BOPCGH assumes stable functions for exports and imports and
in different empirical works such stability has also been proved (see for
example Santos Paulino and Thirlwall, 2004). At the same time, in spite
of severe criticisms that BOPCGH has received,' different empirical papers
have not been able to reject the direct relation that the approach establishes
between output growth and the ratio of income elasticities of exports to
imports multiplied by foreign output, another point in its favor.” In recent
times there is a considerable amount of work inspired in BorcGH.”

The nature of debt has changed through the years. In the old days foreign
debt was mainly public and was hired directly from the government of
the domestic economy to government agencies of other countries, private
banks or directly through international organizations. Nowadays things have
changed. Though an important part of foreign debt is still public, market
mechanisms have substituted direct negotiations. Nonetheless, the effects
that both kinds of debt have in the economy remain similar.

! BopcGH has been criticized in numerous times: Some of the main critiques are the following:

First that there is not necessarily a casual relation between the growth of exports and the
growth of income and that the equilibrium of the balance of payments is independent of the
domestic growth (McGregor and Swales, 1985). Second, that the relation between the growth of
domestic income and the ratio of the elasticities of exports to imports, multiplied by the rate
of growth of foreign income, goes from the former to the latter and not the other way around
(Krugman, 1989), Palley, 2002). Third, that the export led growth that emerges from the BorcH
analysis may be criticized on the grounds of the fallacy of composition, because not all countries
could grow applying that suggestion (Cline, 1982; Palley, 2003). McCombie (2011) explains these
critiques and the answer to them from the BorcH approach. Thirlwall (1991) criticizes Krugman
(1989). Setterfield (2000) also defends the BOPCH especially against Palley’s critiques (Palley, 2002,
2003).

% See for example, Alonso (1999); Atesoglu (1993); Holland, Vieira and Canuto (2004); Lépez and
Cruz (2000); McCombie and Thirlwall (1997), among others. A quite old paper in this respect is
the one of Houthakker and Magee (1969).

3 See for example, Araujo and Lima (2007); Felipe (2009); Gouvea and Lima (2010), and McCombie
(2011), among others.
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The main objective of this theoretical paper is to analyze the dynamics
of the balance of payments and growth in a small economy when there
are debt flows that generate future interest payments on the total debt
outstanding. We start from the balance of payments identity and then we
model exports, imports and debt dynamics. To simplify the exercise we
assume that all relative prices are constant.

Using the described methodology, we analyze the dynamics of the ratio
of imports to exports. When the rate of growth of exports is equal or
greater than the rate of growth of foreign debt, the rate of growth of Gross
Domestic Product (GDP) of the small open economy converges to the so
called Thirlwall’s Law (Thirlwall, 1979), a situation where the growth of the
small domestic economy is equal to the ratio of income elasticities of exports
and imports multiplied by the rate of growth of GDP of the relevant foreign
economy. If the rate of growth of exports is lower than the rate of growth
of foreign debt, the domestic rate of growth diverges from the Thirlwall’s
law. However, that situation cannot last for a long time because in that case
the solvency of the economy is threatened. The Thirlwall’s proposition
appears as a very robust result in the long run.

Thirlwall and Hussain (1982) and Moreno Brid (1998, 2003) address
the validity of the original Thirlwall’s law when debt and indebtedness
are present. These authors conclude that in this case the Thirlwall’s result
changes. Perhaps the main contribution of this paper is to show that even
in the presence of debt and indebtedness the original simplest Thirlwall’s
law can be rescued as a long run result.

This paper is divided into four sections: First this introduction; second
section sets the general equations to determine —at each instant in time—the
ratio of imports to exports, the value of domestic income and the domestic
growth of the economy. Third section analyzes the conditions that a
small economy has to show for being solvent in the long run. When these
conditions hold, the original Thirlwall’s law also holds in the long run;

section four concludes.



46 ALEJANDRO RODRIGUEZ-ARANA

THE DEBT TRAJECTORY, THE GROWTH OF EXPORTS
AND THE THIRLWALL'S LAwW

In this section we take the approach stated by BorcGH: the balance of
payments constraint of the economy determines domestic growth. For
the mathematical analysis of the paper we use a methodology developed
by ourselves.

The model used assumes a small domestic economy, which can influence
neither foreign income nor the foreign interest rate.

The definition of the current account is:

CA,=X,—m, - 1D, [1]

Where: X are total exports; m, total imports; i*, the foreign rate of interest,
assumed constant; D, the total net foreign debt outstanding, and CA, the
current account. All relative prices are given and normalized in one. This is
certainly a strong assumption. Many relative prices do not show a trend in
the long run but vary in the short run. Different authors like Thirlwall (1979),
Thirlwall and Hussain (1982), Moreno Brid (1998, 2003) and McCombie
(2011), among others, assume also constant relative prices at some point
in their papers.

The definition of the balance of payments shows that the sum of the
current account plus the capital account net of changes in international
reserves must be zero. Therefore:

dD
dt

BP, =CA,+KA, =X, —m,—i' D, +=—=t=0 2]

Where: KA is the capital account, dD/dt is the change in net foreign debt,
which is the negative of the current account.
From equation [2] the ratio of imports to exports is defined as:

m, ~D, dD, 1
—L=1-7 L+ —
X X, dt X,

t t
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Alternatively, there will be a convergence where imports grow at the rate
of exports when:

M _q 4]

t

lim,
That will happen when the cumulative growth of both the interest payments
of the total stock of net debt and indebtedness are lower than the rate of
growth of exports.

As in Thirlwall (1979) and other works in the topic, we assume that
exports and imports are given by

X, =XY" [5]
m, =m,Y? [0]

Where X; and m; are constants; Y* is foreign output, Y is domestic output;
o is the elasticity of exports to foreign income and B is the elasticity of
imports to domestic income.

Also, we propose a trajectory for the net foreign debt outstanding:

D, = He" [7]
Therefore

dD

— =vyHe" 8

7 Y. 8]

Where: vy is the rate of growth of net foreign debt. We will assume that net
debt is always positive (H > 0).
Exports are governed by foreign output, which instead follows the

trajectory:

- y;(ajegw 9]

Where gy~ is the rate of growth of foreign Gpp. Then, the trajectory of
exports is given by:
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X =X/Ye™ [10]

The rate of growth of exports is 0lgy~, that is to say the elasticity of exports
to foreign output multiplied by the rate of growth of foreign GpP.

Substituting equations [5] to [10] in [3] and rearranging gives as a result
the ratio of imports to exports:

B > (Y-0gy-)t
m, _ mY" _[1_(1 Y;CH;* ] (1]
10

X, XY

Imports will be lower than exports when the net burden of foreign debt is
positive. That happens when the interest payments of the debt are higher
than the renewal of such debt (i* > y). In such case, there will be a net
transfer from the domestic country to foreign countries. On the contrary,
if 7* <y, there is a net transfer from foreign economies to the domestic one
and imports will be higher than exports.

Differentiating equation [11] and rearranging in a tedious way (see
appendix) we get the trajectory of domestic growth

gy =2 g -1 L VY= 08y) 12)
B B X1Y0 _(i* _ )
He(vfagy»)t 1

Where g, is the growth of the domestic GDP and gy~ is the growth of foreign
GDP. The term (0/B)gy- is the Thitlwall’s rate of growth, which is defined
as the ratio of the elasticities of exports to imports multiplied by the rate
of growth of the relevant foreign economy.

For the economy to exist, equation [11] has to be positive, which implies:

X, Y
He (v-ogy+)

P (=) > [13]

At the same time the derivative of growth with respect to time in [12] is:
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dgy _ 1 (y-08,)" (i =) 141
it B (XY - )
Hetrs) (He&-aiw ~(i —v)]

Equation [11], which defines the trajectory of the ratio of imports to
exports, is also useful to determine the trajectory of income Y. Equation
[12] shows the trajectory of growth, while equation [14] shows how growth
evolves in time.

Based in equation [12] we make a proposition.

Proposition 1: independently of how the foreign rate of interest (i¥) is with
respect to the rate of growth of net foreign debt (y), the rate of growth of
the domestic economy (gy) will converge to the Thirlwall’s rate of growth
((0/B)gy+) when the rate of growth of exports (0gy+) is equal or greater
than the rate of growth of net foreign debt (y).

Proof: if the rate of growth of exports is equal to the rate of growth of
foreign debt, the second term of equation [12] is zero and the rate of growth
of domestic income is always equal to the Thirlwall’s rate of growth.

If the rate of growth of exports is greater than the rate of growth of
foreign debt, then in the limit, when t tends to infinity:

) XY,
lim, —10% = [15]
(s He(Y ogy» )t

Then the denominator of the second term of equation [12] is extremely
large, which in turn implies that the second term of such equation tends
to zero. Therefore:

o

B

The growth of the small economy tends to the original simplest Thirlwall’s

Sy [10]

lim, gy, =

rate of growth.
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In the normal case, where both the foreign rate of interest and the rate
of growth of exports are greater than the rate of growth of net foreign
debt, actual growth of GDP (gy,) is higher than the Thirlwall’s rate of growth
((0/B)gy") (see equation [12], i* >y and 0gy~> ¥) but converging to it (see
equation [14], growth is falling in time). At the same time, the ratio of
imports to exports is lower than one (see equation [11]) because the burden
of the debt is positive (i* > y). Since that burden with respect to exports is
falling (0gy+> ), imports grow more than exports and that is the intuitive
reason why GDP is above the Thirlwall’s rate of growth in the short and
medium terms.

Another proposition emerges when the rate of growth of debtis higher
than the rate of growth of exports.

Proposition 2: independently of how the foreign rate of interest (i¥) is with
respect to the rate of growth of net foreign debt, when the rate of growth
of such variable (y) is greater than the rate of growth of exports (0.gy),
mathematically the rate of growth of the economy converges to the ratio
v/B which is higher than the Thitlwall’s rate of growth.

Proof: when y > ogy«:
XY,

: 170 —
hmt_m W =0 [1 7]

Then, since y > a.gyx:

) o 1
lim, . ¢, =—gy+=(Y—0gy.)= [18]

B5 B R
Equation [18] is just a mathematical and not an economic result. We will
see in the next section that the rate of growth of net debt (y) cannot be
greater than the rate of growth of exports in the long run.*

* When, i* >v> 0gy, growth is below the Thitlwall’s rate (equation [12]) and falling (equation [14]).
In this case the economy collapses at some point (see equation [11]), this happens whenthe term

X,Y,

(o8, f =(i" -

vY) in equation [12]. The time when that happens is:
He
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In the short term the rate of growth of GDP may be diverging from the
Thirlwall’s law. For instance, suppose that the growth of debt is higher than
both the foreign rate of interest and the rate of growth of exports (I’ <;
0gy+<Y). If thatis the case, equation [11] shows that the ratio of imports
to exports is greater than one (see equation [11]). The domestic economy is
receiving a net transfer from abroad. For the same reason growth is diverging
from the Thirlwall’s rate upwards (see equation [13]). That situation cannot
last for long. The domestic economy, as we will see in the next section, is
not solvent in that case.

CONDITIONS FOR THE SOLVENCY OF THE DOMESTIC ECONOMY

Propositions 1 and 2 show that the domestic growth of the economy may
or may not converge to the Thirlwall’s rate of growth. We will show that
for the domestic economy being solvent, the conditions that must prevail
in the long run imply the convergence of the domestic rate of growth to
the Thirlwall’s rate.

There will be solvency if the long run ratio of net foreign debt to
domestic income converges either to zero or to a constant value. It would
be possible to establish an upper limit for that constant.

We make another proposition.

Proposition 3: when the rate of growth of debt is lower or equal than both
the rate of growth of exports and the Thirlwall’s rate of growth, the ratio
of foreign debt to domestic income converges to zero or to a constant, but
then proposition 1 implies that the domestic rate of growth converges to the
Thirlwall’s rate of growth.

; _ log(X,Y;)—log H—log(i" )
‘ v-og,

This time will be positive if the term X;Y{" is sufficiently high. Mathematically, once the economy
collapses, growth goes to minus infinity and then jumps to a positive value greater than Y/ and
continues falling until at the end is y/p.
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Proof: domestic income may be obtained substituting equation [9] on
equation [11]:

L 1

X B *l 2 vt - (y—agy-)t E

Y, :(—1] Yoﬁgﬁg [1_(1 Y)He* ] [19]
m, XY,

Foreign debt is defined by equation [7]. Then the ratio of foreign debt to
domestic income is defined as:

=28y |t
&: He[ B j 1 [20]

Yt % 1 o (y-ogy )t \ B
X, *B (i —y)He
— | Y," 1= -
m, XY,

This ratio will be zero or constant in the long run if:

o
Y< ng and V< 0Qy- [21]

Because in that case:

oo >lim, % >0 22]
t

But if that happens, then proposition 1 implies that the domestic rate of
growth converges to the Thirlwall’s law.

Conditions in equation [21] are sufficient for solvency. We will show now
that they are also necessary.

In the long run, the foreign rate of interest must be higher than the rate of
growth of net debt; otherwise lenders would have infinite capital losses.

For lenders to be satisfied, the present value of the interest payments
of net debt must be higher or equal than the actual value of debt. That is
to say:

PVI>H 23]
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Where PVI is the present value of the interest payments of net debt. When
the rate of interest and the rate of growth of net debt take just one value
along the time path, PV is defined as:

PVI = jo‘” (i' —y)He"e 'dt =— He " "' |7 24]

This term is equal to H, the actual value of net debt, when 7> v, and to
minus infinity when i* < y. Not a single lender will generate a perpetual
loan growing above the foreign rate of interest. Then i* must be above Y.
It is relatively easy to extend this result when the rate of growth of debt
takes two values in time.”

The intuition here is clear. If 1* were always lower than y, there would be
a perpetual transfer from foreign economies to the small economy and debt
would not be a liability but an asset. The nature of debt implies a cost.

For the domestic economy to exist Y, > 0, but that only happens if (see
equations [13] and [19]):

~ (i* _ Y)Hewfagw)t

1 :
X1Y0

>0 [25]

Then since 1>y in the long run, the rate of growth of debt (y) must be
equal or lower than the rate of growth of exports (01gy) as ¢ grows, otherwise
the domestic economy would disappear (Y would become negative). But if
in effect agy=> v, for the ratio of debt to income being zero or a constant,

5 Suppose that the growth of debt takes two values along the time: yo> i* in the interval (0,t.) and
11 <i* in the long run interval (t,0). The PVI in this case is:

PVI = J'Ot (i —y,)He" e 'dt + J:o(i* —y, ) Heeeh =)=t g
‘ 26
=— He (" -10)tfe — Helt i -mi 1261

tC

Which in turn becomes: PVI = —He_(;_ﬂ’“)t‘ +H+ He_(i*_y“)t“ =H (27]
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the rate of growth of net debt must be lower than the Thirlwall’s rate of
growth (see equation [20]). Therefore, conditions in equation [21] are not
only sufficient for the solvency of the domestic economy, they are also
necessary.

If conditions for solvency hold, the rate of growth of GDP of the
domestic economy converges to the Thirlwall’s rate of growth.

CONCLUDING REMARKS

The BOPCGH is a useful approach to analyze different problems observed
in small economies with strong links to large economies. In this paper we
show that the original Thirlwall’s Law is theoretically a long run robust result.
This happens even in the presence of capital inflows because such result
(the Thirlwall’s Law) finally shows that the economy is solvent.

The analysis of capital flows in the context of the BorcGH has been
carried on by Thirlwall and Hussain (1982), McCombie and Thirlwall (1997),
Moreno Brid (1998, 2003), among others. However, in the majority of cases
the analysis performed by these researches is more static than dynamic, using
a methodology that is good for knowing the rate of growth of the domestic
economy at a certain moment of time, when the rate of growth of capital
inflows takes some particular value, but that is not very useful to analyze the
complete trajectory of debt, exports and the GDP itself. In this one respect
we expect to improve this analysis with a more dynamic view.

In this paper we analyze the trajectory of growth, income and the ratio
of net foreign debt to income when the foreign rate of interest and the
rate of growth of debt take just one value along the time path. In that case
the solvency of the economy requires the rate of growth of debt being
lower than three variables: the rate of growth of exports, the Thirlwall’s
rate of growth and the foreign rate of interest. When that happens, the rate
of growth of income of the domestic economy converges to the Thirlwall’s
rate of growth.

In real life we observe that sometimes the rate of growth of debt is
higher than the three described variables in the last paragraph, nonetheless.
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The analysis of this paper can be extended- in a relatively easy way- to cases
where temporarily the growth of debt is higher than one, two or the three
variables already explained. In that case the condition is that from sometime
in the future onwards the rate of growth of debt must fall below the rate of
growth of exports, the Thirlwall’s rate of growth and the foreign rate
of interest.

The BOPCGH is an excellent tool to analyze certain situations where the rate
of growth of foreign economies affects domestic growth. That is especially
true in countries whose main partners are large economies, like the case
of Mexico with respect to the U.S. The problem with BorcGH is the lack of
microeconomic fundamentals. There has been a mutual despise between
neoclassical and non-neoclassical economists. That is not a way to solve
problems in the profession. From the neoclassical point of view there should
be a genuine interest in an approach that provides accurate predictions
though its fundamentals are still weak. From the non-neoclassical perspective
there should be an interest to provide the approach of microeconomic
fundamentals.
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APPENDIX

Derivation of equation [12]

From the ratio of imports to exports in [11]:

s (y—ogy+ )t
m, XY,

Differentiating this equation:

BY dY, _ oy 49X X[ (= He
Yoot Codt om, XY, a2
— (0" —Y)(y- gy Here 2L yo
ml

Since: gy= (1/Y)dY/dt and gy~ is (1/Y")(dY'/dt), [A.2] becomes:
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g {1_ (l* _,Y)He(v—agy*)f ]_

gy -
R ! X, Y, A3
Yt _ﬁ - —0lgyx
m VP 1 (@ —y)(y —ag,. ) He )
p XY
Substituting Y/ from [A.1] and rearranging:

o, 1 _(-n-og)
o, L A4

He (Y—Oﬂgy 7, (1-ogy )t ( _Y)

Which is equation [12] in the text.



